Magnetoabsorption spectra of bilayer graphene ribbons with Bernal stacking are studied by the Peierlscoupling tight-binding method. When the magnetic confinement prevails over the quantum confinement, lowenergy spectra chiefly exhibit many Landau peaks, which are strongly modified by the inter-ribbon interactions and the magnetic-field magnitude ͑B͒. The spectra show denser Landau peaks in bilayer graphene ribbon than in a monolayer ribbon with the same ribbon width. The absorption frequencies of Landau peaks of a wide monolayer ribbon show the ͱ B dependence, while those of a bilayer ribbon exhibit a varying B-field dependence. In the spectra region Յ 100 meV, the absorption frequencies of Landau peaks are linearly dependent on the magnetic-field magnitude. At Ն 100 meV, they evolve from the B dependence to the ͱ B dependence with the increase in the field strength. The absorption frequencies of Landau peaks exhibit ͱ B dependence at B Ն 20 T. The relationship between the magneto-optical properties and electronic structures ͑the state energies and wave functions͒ are explored. The Landau wave functions are illustrated and used to identify the optical selection rule.
I. INTRODUCTION
Recently, the observation of two-dimensional ͑2D͒ graphene and few-layer graphene [1] [2] [3] [4] has triggered many experimental and theoretical studies. The nanoscale graphene is expected to be a potential candidate for the next-generation electronics simply because of its ballistic transport at room temperature and mechanical stability. Progress in academic research would help explore possible applications and design options. Experimental and theoretical studies show that graphene, a planar hexagonal lattice of carbon atom, exhibits many interesting properties, such as the two linear bands intersecting at the Fermi energy, 5, 6 the novel quantum Hall effect, [7] [8] [9] and the electric-field-induced carrier transition. 1 Few-layer graphenes are the stack of graphene layers. Their intriguing electronic properties emerge through the change in layer number, the alternation of stack ordering, and the application of external field. [10] [11] [12] Among them, the bilayer graphene with Bernal stacking ͑the AB-stacked bilayer graphene͒ has aroused the most studies. Because of the interlayer interactions and geometrical structure, the Bernal bilayer graphene exhibits four branches of the energy curves. Each curve is made of parabolic bands and sublinear bands. [10] [11] [12] [13] Bilayer graphene is a two-dimensional semimetal with the tiny overlap between the highest occupied valence band and the lowest unoccupied conduction band. By opening a tunable energy gap, the application of a perpendicular electric field can induce the semimetal-semiconductor transition. [11] [12] [13] [14] [15] Such interesting properties might offer an alternative design option for the electronic devices.
The difference in essential properties between the monolayer and bilayer graphenes is also revealed in transport. Experimentally, a monolayer graphene shows the Berry's phase and the half-integer quantum Hall effect. 8 On the other hand, the integer quantum Hall effect, accompanied by Berry's phase of 2, arises in bilayer graphene. 7 The abovementioned data might be attributed to the difference in magnetic bands. In the absence of the magnetic field, charge carriers in a monolayer graphene are characterized by a linear dispersion, while those in bilayer graphene have a parabolic energy spectrum. The low-energy Landau levels ͑LLs͒ of a monolayer graphene subjected to a perpendicular magnetic field are well described by the effective-mass model.
They follow the simple relation ͉E͉ϳ ͱ B͉n͉, where B is the magnetic-field strength and n is the subband index. The effective-mass model is extended to conveniently study the magnetoelectronic properties of a bilayer Bernal graphene in the presence of a perpendicular magnetic field. [16] [17] [18] Bilayer graphene shows more complicated LLs, whose energies are dramatically modified by the interlayer interactions. This model predicts that the energies of LLs, which are very close to E F , are approximately proportional to ͱ n͑n −1͒B when some interlayer interactions are excluded for the calculation simplicity. However, the effective-mass model is only suitable for the low-energy LLs, meaning that this model cannot offer the physical pictures in the overall energy region.
Peierls-coupling tight-binding method is an alternative option used to study the full magnetic band of graphitic systems. [19] [20] [21] [22] [23] [24] It has been utilized to explore the magnetoabsorption spectra of a monolayer graphene. 21 By diagonalizing a 2q ϫ 2q complex Hamiltonian matrix, where q is the inverse of the magnetic flux , the full magnetic band and the related wave functions are obtained to calculate the absorption spectra. This method will be met with a serious obstacle when we consider the magnetoelectronic properties at a low magnetic field. For example, one needs to diagonalize a 160 000ϫ 160 000 complex matrix at B = 1 T. An efficient numerical method is proposed to overcome this problem. 25 The arrangement of matrix elements in the band storage allows us to easily diagonalize such a high rank ma-trix. This method is successfully used to study the magnetoelectronic properties, such as state energies and Landau wave functions, of the AB-stacked bilayer graphene. However, it is not suitable to calculate the magneto-optical properties of the AB-stacked bilayer graphene due to the labor numerical task in calculating the velocity matrix element. 21 Thus, another way to efficiently calculate the magneto-optical properties of bilayer graphene is inspired.
Peierls-coupling tight-binding method has been employed to study the magnetoelectronic properties and absorption spectra of monolayer graphene zigzag ribbons with the ribbon width changing from the nanometer to the mesoscopic scale. 26 The magnetic bands and the related wave functions of a ribbon are dominated by the magnetic confinement and quantum confinement. [26] [27] [28] When the ribbon width is wider than the spatial extent of Landau wave functions, the Landau states exist. 26 As a result, the magnetoabsorption spectra exhibit sharp Landau peaks. The spectral frequencies of Landau peaks are chiefly determined by the field strength. The peak height runs higher with the increase in the ribbon width. The results show that at a low magnetic field, the magnetoelectronic properties of a ribbon with sufficient width are deduced to be the same as those of a 2D graphene.
We now use the tight-binding method to study the magnetoabsorption spectra of bilayer graphene ribbons with Bernal stacking. There are several advantages to this method: ͑i͒ Hamiltonian representation of the zigzag ribbon is a real Hermitian matrix in the band storage. The state energies and the wave functions are efficiently obtained by the diagonalization of such a band-storage matrix. ͑ii͒ The Peierlscoupling tight-binding method is able to provide the fullband electronic structure. 26 ͑iii͒ This method is easy to include the interlayer interactions and is applied to multilayer systems, e.g., bilayer, trilayer, and four-layer graphene ribbons. This paper is organized as follows: Section II discusses the Hamiltonian matrix elements of a bilayer graphene ribbon in the presence of a perpendicular magnetic field. Then, magnetoelectronic and optical properties are explored in Sec. III. Finally, conclusion remarks are drawn in Sec. IV. Most importantly, the studies are helpful to understanding the magnetic-optical properties of a bilayer Bernal graphene.
II. THEORY
An N y AB-stacked bilayer zigzag graphene ribbon, as illustrated in Fig. 1 29 The lattice periodicity along the x axis is I x = ͱ 3b and the first Brillouin zone is defined by − / I x Յ k x Յ / I x . An AB-stacked bilayer zigzag ribbon has 4N y atoms in a 2D primitive cell. Each atom contributes one 2p z orbital to the -electronic structure. That is, only the 2p z orbitals of the carbon atoms are taken into consideration. 26, 30, 31 In the presence of a perpendicular magnetic field B = ͑0,0,B͒, through the Peierls substitution, Hamiltonian of the AB-stacked bilayer graphene ribbon is 
where 
III. MAGNETOELECTRONIC AND OPTICAL PROPERTIES
The low-energy magnetic bands of the N y = 3000 monolayer zigzag ribbon at B = 20 T, as shown in Fig. 2͑a͒ , exhibits both the Landau levels and the additional spectrum. 32, 33 Still, we focus only on the Landau levels here. E c are symmetric to E v about E F = 0. The state energy of Landau subband indexed by n follows the relation ͉E͉ ϰ ͱ ͉n͉B. 26 The highest occupied Landau states and the lowest unoccupied Landau states are degenerate at E F . As a result of the interlayer interactions, the low-energy magnetic bands of the N y = 3000 bilayer graphene ribbon exhibits more Landau levels at B =20 T ͓Fig. 2͑b͔͒. The unoccupied states ͑the occupied states͒ away from E F are characterized by
level degeneracy at E = 0 is lifted and there exists an energy
In short, the inter-ribbon interactions generate new Landau levels, change the state energies of Landau levels, lift the degeneracy, alter the energy spacings, destroy the symmetry between E c and E v , and induce an energy gap E g . Notably, the Landau-level energies are independent of the ribbon width, N y = 800 ͓the heavy dots in Fig.  2͑d͔͒ , for example. That is, they are the same as those of a bilayer graphene.
The magnetoelectronic properties of graphene ribbons are chiefly dominated by the competition between the ribbon width and the spatial distribution of Landau wave function. 27 Nemec et al. 24 show that as the ribbon width is narrower than the critical width w critical = ͱ 8l B , where l B = ͱ ប eB is the magnetic length, the Landau levels of a graphene ribbon disap- pear and the magnetic bands will differ from the Landau levels ͑flatbands͒ of an infinite graphene system. 17 The results of the study are consistent with those of Nemec. At B = 20 T, the n = 1 Landau level of a monolayer or bilayer graphene ribbon emerges as the ribbon width w is wider than a critical width w critical Ϸ 4.4l B ͑or N y Ն 124͒. 26 Within this critical width, the Landau wave functions touch the ribbon edges and the Landau level does not exist. As a result, the Hall-edge states emerge, which are clearly distinguished from the Landau levels of an infinite graphene system.
Compared with the simple square-root-of-B dependence of a monolayer ribbon, 26 the bilayer ribbon shows a more complicated Landau plot, the Landau-level energies vs the field strength. The calculation results show that Landau-level The dependence of the Landau-level energies on the subband index ñ͉͑ñЈ͉͒ and the field strength is critically determined by the Landau-level energies. In the energy region ͉E͉ Ͻ 0.02␥ 0 Ӎ 50 meV, the Landau plots indexed by ñ Ն 2͉͑ñЈ͉ Ն 2͒ exhibit the linear-in-B dependence at B Յ 5 T. Then, they evolved from a pure linear B dependence to a square-root B dependence with the increase in the field strength within the energy region 0.02␥ 0 Ͻ ͉E͉ Ͻ 0.04␥ 0 , and finally they exhibit the linear-in-ͱ B dependence at B Ն 16 T. The result predicted by the Peierls-coupling tightbinding method is in agreement with that of the experimental measurement. 34 Moreover, as shown in the insets of Fig.  2͑c͒ , the low lying Landau levels within the energy region ͉E͉ Ͻ 0.02␥ 0 Ӎ 50 meV follow the relation ͉E͉ ϰ ͉ñ͉B, which is consistent with the predicted result of the effective-mass model. 16 The characteristics of Landau wave functions ⌽ ñ ͑k x , y͒ ͓Eq. ͑1͔͒ are revealed in the envelope function ⌿ ñ ͑y͒. Landau wave functions at k x = / 3 of the N y = 3000 bilayer ribbon subjected to several different magnetic-field magnitudes are investigated. The main feature of ⌿ ñ ͑y͒ is independent of the magnetic-field magnitude. Thus, Landau wave functions ⌽ ñ ͑k x , y͒ at B = 20 T are chosen as a model for further study. ⌿ ñ ͑y͒ with ñ Յ 3 ͉͑ñЈ͉ Յ 3͒ are shown in Fig. 3 . The interesting characteristics of each ⌿ n ͑y͒ emerged through the decomposition of ⌿ n ͑y͒ into eight subenvelope functions. ⌿ n ͑y͒ is rewritten as The subenvelope functions belong to the localized states, and they also show the oscillating behavior in the confined region. The site amplitude changes signs at the nodes. The number of nodes characterizes the spatial symmetry of the Landau wave function. That is, each subenvelope function of Landau wave function can be specifically described by the number of nodes, which is closely related to the Landaulevel energy. Thus, the subband index is used as a quantum number to label the Landau wave function. Envelope function ⌿ ñ c indexed by ͉ñ͉ Ն 2 is denoted as follows:
where the subscript of the subenvelope function labels the number of nodes. Each subenvelope function has its own spatial symmetry. 
The envelope functions ⌿ ñ Ј 
2 ͒, and ͑B o 2 ͒ of the highest occupied LL is ͑0, 2, 0, 1͒. As for the lowest unoccupied LL, it is ͑2, 1, 2, 0͒. The spatial symmetry or the oscillating properties of Landau wave functions dominates the feature of optical absorption spectra.
The optical absorption function is given by [35] [36] [37] 
where ñ and ñЈ are subband indices and f͓E ñ ͑k x ͔͒ is the Fermi-Dirac distribution function. Only the inter--band excitations happen at T = 0. With an electric polarization E x ʈ x , the electromagnetic field excites electrons from the occupied bands ͑ñЈ Յ 0͒ to the unoccupied ‫ء‬ bands ͑ñ Ն 0͒. The optical selection rule is ⌬k x = 0 because of the almost zero momentum of photon. The magnetoabsorption spectra of bilayer graphene ribbons with different ribbon widths at B = 20 T only exhibit several delta-function-like symmetric peaks ͓Fig. 4͑a͔͒, which come from the transitions between the Landau levels ͓Fig. 2͑b͔͒. Notably, the frequencies of Landau peaks remain unchanged though the ribbon width grows. They are independent of the ribbon width and deduced to be the same as those of the bilayer graphene. A͑͒'s exhibit stronger peaks for large N y 's, since there are more Landau states and excitation channels. The energy spacings between two neighboring absorption peaks are different. Due to the interlayer interactions, A͑͒ of the N y = 800 bilayer graphene ribbon contrast to that of the N y = 800 monolayer ribbon in the number, the frequencies, and the energy spacings of the Landau peaks ͓Fig. 2͑a͔͒.
The optical transition channel of each absorption peak could be clearly identified. For instance, the transition channels corresponding to the first seven sharp peaks, denoted as 0 + , ... , 3 + , and 4 − in Fig. 4͑a͒ , are, respectively, indicated in An analytic study is helpful for clarifying the origin of the selection rule ␦͉ñ͉ = Ϯ 1, which is obtained by the numerical calculation. Based on the gradient approximation, the veloc- 
Obviously, only the electron jumping from the site A͑B͒ to the nearest neighboring site B͑A͒ can contribute to the velocity matrix element. The following list illustrates the nonzero matrix elements of the representation of operator
ͪͮ.
Because of the strong localization of the Landau wave functions, the spatial extent of Landau wave function is so narrow that the phase ͑m − ͓N͔͒ is negligible, i.e., sin͕k x I x − ͑m − ͓N͔͖͒Ϸsin͑k x I x ͒. Accordingly, the magnitude of velocity matrix element is written as
where ͗⌿ ñ c ͑y͉͒⌿ ñ v ͑y͒͘ is the projection of the envelope function of the initial state on that of the final state. The subscript "intraribbon" ͑"inter-ribbon"͒ denotes the initial and final states located at the same ͑different͒ ribbons. By expanding the envelope function in its associated subenvelope functions, the projections ͗⌿ ñ c ͑y͉͒⌿ ñ v ͑y͒͘ intraribbon and ͗⌿ ñ c ͑y͉͒⌿ ñ v ͑y͒͘ inter-ribbon are, respectively, expressed as
Finally, the velocity matrix element ͗⌽ ñ c ͑k x , y͉͒
, which determines the selection rule ͉ñЈ͉ − ñ = Ϯ 1 and the effective transition channels. In addition to the sharp Landau peaks, there are several small bumps, P 1 , P 2 , and P 3 in the absorption spectra, for example. Their transition channels are also identified and shown in Fig. 4͑b͒ . The first peak P 1 results form the transition between the highest occupied state ͑ñЈ =0͒ and the lowest unoccupied state ͑ñ =0͒. The absorption frequency of P 1 is equal to the size of band gap E g . The projection ͗ c ͑B 2 ͉͒ v ͑A 2 ͒͘ contributes to the velocity matrix element and gives rise to this small bump. P 2 peak originates in the transition between the ñЈ = −1 and ñ = 0 levels. The projection ͗ c ͑B 1 ͉͒ v ͑A 1 ͒͘ leads to this peak. The transition between ñЈ = 0 and ñ = 2 leads to the P 3 peak.
The B-dependent absorption frequencies of Landau peaks are helpful in understanding the characteristics of the magnetoabsorption spectra. The absorption frequencies of the first five peaks of the bilayer ribbon, 0 + , 1 + , 2 − , 2 + , and 3 − , are shown in Fig. 5 . 's make a blue shift as the field strength increases. In the energy region Ͻ 0. A comparison is made between literatures and the present work, exploring the magnetoabsorption spectra of an unbiased bilayer graphene ribbon. The optical property of biased bilayer graphene in the presence of B is studied. 18 A fourband continuum model is employed to analytically study the Landau-level energies and the related wave functions. The effects caused by the interlayer interactions, the strength of gated field, and the magnitude of magnetic field are taken into consideration. The oscillator strength for electric dipole transitions between the Landau states, namely the velocity matrix element in this work, is then calculated. The selection rule associated with the interband or intraband transition follows ͉ñЈ͉ − ͉ñ͉ = Ϯ 1, which is the same as that of the present work. In contrast to an unbiased system, Ref. 18 shows that the interband transitions of a biased bilayer are significantly shifted in energy due to the opening of an energy gap caused by the gated field, and electric-field-modulated oscillator strength exhibits B-field dependence. Such interesting properties result from the cooperation of interlayer interactions, magnetic field, and gated field. In the absence of external fields, the interlayer interactions change the two pairs of the linear bands to four complicated bands. Each band consists of parabolic bands and sublinear bands. [10] [11] [12] [13] The application of B field induces the Landau levels ͑flatbands͒ and related Landau wave functions. The gated field produces a potential difference ⌬U between the two graphene layers. It chiefly shifts the Landau-level energies and modifies the characteristic of wave functions. As a result, gated field changes the transition energy of interband excitation and the corresponding oscillator strength. Through the destruction of the degeneracy between two layers, the gated field can open a band gap in the absence or presence of B. Such an effect is different from that caused by the chemical difference ␥ 6 . In this work, ␥ 6 makes a contribution to the opening of a band gap in the presence of B. Moreover ␥ 6 destroys the degeneracy between A and B atoms through the changes of the site energy of A atom. On the other hand, anomalous absorption line in magnetoabsorption spectra of a monolayer graphene with or without an excitonic gap is theoretically studied. 38, 39 The frequencies and intensities of absorption lines in quite low energy region vary with the chemical potential, which can be experimentally tunable by the application of gate bias voltage to a field effect device. We are so inspired by the interesting properties mentioned above 18, 24, 38 to further study the magnetoabsorption spectra of a bilayer graphene ͑rib-bons͒.
IV. CONCLUSIONS
The Peierls-coupling tight-binding method is employed to study the low-energy magnetoabsorption spectra of the ABstacked bilayer graphene ribbons. Absorption spectra exhibit several sharp Landau peaks, which are strongly affected by the interlayer interactions and magnetic-field magnitude. Because of the inter-ribbon interactions, A͑͒ of the bilayer graphene ribbon contrasts with that of the monolayer ribbon in the number, the frequencies, and the energy spacings of the Landau peaks. Moreover, magnetoabsorption spectra exhibit denser Landau peaks in a bilayer ribbon than in a monolayer ribbon. The absorption frequencies of Landau peaks of the bilayer ribbon do not follow the simple relation ϰ ͱ B. The findings show that the frequency of the first peak is linearly proportional to field strength even though the field strength up to B = 25 T. Other peaks show the B-dependence frequencies at B Յ 5 T and the ͱ B-dependence frequencies at B Ն 16 T. The interesting magnetoabsorption spectra result from the magnetoelectronic properties. As a result of the interlayer interactions, the magnetic energy bands of a bilayer graphene ribbon are different from those of a monolayer ribbon in the Landau-level energies, the energy spacing, the state degeneracy, and the number of the Landau levels. The interlayer interactions also induce a band gap and cause denser Landau levels. In the energy region ͉E͉ Յ 50 meV, the Landau-level energies follow the relation ͉E͉ ϰ ñB. At ͉E͉ Ն 50 meV, even a simple relation between E and ñ could not be figured out. The Landau plot shows that Landau levels grow with B at a low field B Յ 5 T, whereas they are ͱ B dependent at the field strength B Ն 20 T. The properties of Landau wave functions are also explored. They contribute to understand the transition channels of the Landau peaks and the optical selection rule ⌬ñ = Ϯ 1. Most important of all, the predicted results could be verified by the optical measurements, and the findings lead to an access to the magnetoelectronic properties and the optical spectra of a 2D bilayer graphene.
